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The three-site model has been offered as a benchmark for studying the collider phenomenology 
0^ ■ of Higgsless models. In this paper we analyze how well the three-site model performs as a general 

' exemplar of Higgsless models in describing WlWl scattering, and which modifications can make it 

more representative. We employ general sum rules relating the masses and couplings of the Kaluza- 
CN ! Klein (KK) modes of the gauge fields in continuum and deconstructed Higgsless models as a way to 

compare the different theories. We show that the size of the four-point vertex for the (unphysical) 
|~t | Nambu-Goldstone modes and the degree to which the sum rules are saturated by contributions 

from the lowest-lying KK resonances both provide good measures of the extent to which a highly- 
deconstructed theory can accurately describe the low-energy physics of a continuum 5d Higgsless 
model. After comparing the three-site model to flat and warped continuum models, we analyze 
extensions of the three-site model to a longer open linear moose with an additional 17(1) group and 
to a ring ("BESS' or "hidden local symmetry") model with three sites and three links. Both cases 
may be readily analyzed in the framework of the general sum rules. We demonstrate that WlWl 
scattering in the ring model can very closely approximate scattering in the continuum models, 
provided that the hidden local symmetry parameter 'a' is chosen to mimic p-meson dominance of 
O |' 7T7T scattering in QCD. The hadron and lepton collider phenomenology of both extended models 

D ( is briefly discussed, with a focus on the complementary information to be gained from precision 

tIh ■ measurements of the Z' line shape and ZWW coupling at a high-energy lepton collider. 
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• The origin of electroweak symmetry breaking continues to be a question of great interest as we enter the LHC 
\ era. While the Standard Model (SM) can produce electroweak symmetry breaking through introduction of a scalar 
. ■ Higgs doublet, the lack of experimental evidence for this approach makes it advisable to consider alternatives such as 
t****" ' Higgsless models [l], 0| that can accommodate electroweak symmetry breaking without the introduction of elementary 
£^ scalars In these theories, which are based on compactified five-dimensional gauge theories, the scattering of 
longitudinal electroweak gauge bosons (Wl and Zr,) is unitarized via the exchange of massive vector bosons 0, 
the Kaluza-Klein (KK) modes of the theory. Moreover, under the rubric of AdS/CFT duality 0, Higgsless models 
may be thought of as "dual" to models of dynamical electroweak symmetry breaking, such as walking [1, [l(| [H| 
technicolor IT3. fl3ll. 



j_] A leading challenge for non-Standard models of electroweak symmetry breaking lies in the strong constraints placed 
' on new physics by precision electroweak observables fbll . [TEI . ITrl It7| . The phenomenology of the most general Higgsless 



model may be studied [13, [19|, |20j, 
precision electroweak parameters 
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[22j, |23j, |24| by using the technique of deconstruction [25|, |26[ and computing the 
27] in a related linear moose model [23] . In general one finds that the KK vector- 
bosons responsible for unitarizing WlWl scattering in Higgsless models, which are the analogs of the technivector 
mesons in technicolor models, mix with the electroweak bosons and alter their properties with respect to Standard 
Model predictions. However, Higgsless models that incorporate ideally [1^] delocalized fermions 0, HH, in which 
the ordinary fermions propagate appropriately in the compactified extra dimension (or in deconstructed language, 
derive their weak properties from more than one site on the lattice of gauge groups [321. [33j ) . yield phenomenologically 
acceptable values for all Z-pole observables. In this case the leading deviations from the Standard Model appear in 
multi-gauge-boson couplings, rather than the 5* and T parameters. 

These issues have previously been explored [H], [H, [H, H3, HH in the context of a highly deconstructed Higgsless 
model in which the infinite Kaluza-Klein tower is collapsed to only one electroweak triplet of extra vector bosons; 
that is, the electroweak gauge group has the form SU{2) x SU(2) x U(l). The gauge-sector of this "three-site" model 
[HI is a particular BESS model of extended electroweak gauge symmetries [33, Eo| motivated by models of hidden 
local symmetry [4l|, EH EH E3, EE] . It reproduces the most prominent low-energy effects of a continuum Higgsless 
model quite accurately, yet remains simple enough that it can be encoded in a Matrix Element Generator program 



for use with Monte Carlo simulations. Initial studies of the LHC phenomenology of the three-site model, focusing on 
W' boson production in the vector-boson fusion and associated production modes, were reported in [46[ , production 
of nearly- fcrmiophobic vector bosons in the three-site model was described in [471 ]. and a more extensive analysis 
including additional channels is underway (43. Related studies of other Higgsless scenarios, both continuum and 
deconstructed, are also in the literature [-491 ]50l. loll. lo2l. lo3l loll, l55l. [56j . 

The three-site model has been offered as a benchmark or test case for studying WlWl scattering in Higgsless 
models. It is therefore appropriate to consider how well the three-site model performs as a general representative of 
Higgsless models: how can one quantify the differences between the three-site model and continuum models? how 
closely is it related to other deconstructed models? and, how universal is its phenomenology? These are the questions 
this paper will address. 

We will employ the sum rules [3, relating the masses and couplings of the KK modes in continuum and 
deconstructed models as a way to compare the different theories. These identities enable us to quantify how well 
a given theory performs at unitarizing the scattering of electroweak gauge bosons at a particular energy scale, a 
key element of any theory of electroweak symmetry breaking. We will see that the tendency of the sum rules to be 
saturated by contributions from the lowest-lying KK resonances provides a good measure of the extent to which 
a highly-deconstructed theory like the three-site model can accurately describe the low-energy physics. In addition, 
one must take into account the fact that deconstructed and continuum Higgsless models are generally distinguished 
by the respective presence and absence of a four-point vertex for the scattering of (unphysical) Nambu-Goldstonc 
modes; this provides a valuable point of comparison. 

In section II, we set the stage by looking at these sum rules in the context of a pair of continuum models: SU(2) x 
SU(2) Higgsless models in cither a flat or warped five-dimensional space. Since these two models have previously 
been discussed in the literature, we will remind the reader of the key properties needed to calculate the quantities 
relevant to our comparisons, and will refer the reader to Ref. [HU for further details. Comparing the results in the 
two continuum models to one another and to the analogous quantities in the three-site model (which we also briefly 
describe) will provide the template for studying how well any given deconstructed model does as an effective theory 
of a continuum Higgsless model. 

We then consider whether there are modifications of the three-site model that can remedy some of its shortcomings 
in reproducing the results of continuum models, as measured by the sum rules. Ref. [57| discussed how to extend the 
relevant sum rules to mooses with extra U(l) groups and to ring models, and we will study both kinds of scenarios 
explicitly in this paper. In section III, we introduce a slightly longer 1 open linear moose p8j based on the group 
SU(2) x SU(2) x U(l) x U(l); in section IV, we introduce a model that has three sites and also a third link field 
closing the moose to form a triangular ring, a general BESS or hidden local symmetry model [39L l4Cl lill. l42l. l43l, H. |45| . 
In each case we will show the key features of the model in the main text (with further details in an appendix) and then 
focus on comparing the model to the three-site model and continuum theories. We find that the following quantity, 
a, which is based on the four-point coupling of the Nambu-Goldstone bosons 

provides a useful measure of the ability of the deconstructed models to approximate the behavior of the continuum 
theories. To the extent that the lightest neutral KK boson (Z ! ) saturates [49| the sum rules, & is also related to the Z' 
boson's mass and coupling to W pairs, as on the far-right of Eq. (fT]) where v = (V^Gf) -1 ^ 2 ~ 250 GcV. In continuum 
theories, a = 4/3 and the multi-pion coupling g T7r7r7I - vanishes; in the linear deconstructed models we study, a = 1 and 
Q'K'K'k'k 7^ 0; m the triangular ring model, a is a free parameter equal to the parameter a of hidden local symmetry 
(HLS) models [HI, S3, HI, Ea] , allowing interpolation between these cases. For this reason WlWl scattering in 
the ring model can, if the hidden local symmetry a parameter is chosen to equal four-thirds, very closely approximate 
scattering in the continuum models. Note that the value a = 4/3 corresponds in HLS models of QCD to p- meson 
dominance of tttt scattering [45l . |60| . On the other hand, when a = 1 it is possible to demonstrate an equivalence 
between the ring model and an [S'[/(2)] 3 x U(l) linear model, as we discuss in section V. 

Section VI discusses briefly the hadron and lepton collider phenomenology of the extended models. We will see 
that LHC searches for W' bosons in the vector boson fusion or associated production channels (with W' decaying to 
WZ) tend to give a universal signature for all of the models discussed here. Likewise, the expected contributions of 
the neutral KK states to WW scattering are very similar in all the models discussed here; in the case of the four-site 
model with an extra U(l) group, this is because we find there is a relationship between the neutral boson couplings 



1 We will term this model the "mimimal" four-site model to distinguish it from the SU(2) 3 X U(l) models studied elsewhere [321.1501 15lll6ll . 
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to W pairs in the four-site and three-site models: 

(9Z'WW + 9z"Ww) f oul - sitc = {Qz'Ww) three-site " ( 2 ) 

In contrast, the bounds on these models arising from LEP-II measurements of the ZWW vertex provide complemen- 
tary information that can distinguish among models; the same would be true for future measurements of the Z' line 
shape or the ZWW coupling at a linear electron-positron collider. 
Our conclusions are presented in section VII. 



II. COMPARISON USING WlWl -> W L W L SUM RULES 

In both continuum and deconstructed Higgsless models, the gauge boson KK modes unitarize 0, H, @1 the scattering 
of longitudinal vector bosons by cutting off the tendency of the scattering amplitudes to grow with powers of the 
scattering energy, E. In order to play this role effectively, the KK mode couplings and masses must obey a set of 
identities derived in [j],[57j]. Hence, our discussion of the three-site model, its extensions, and related continuum models 
will focus on the triple-gauge-boson couplings involving one KK mode and two light modes, gz'ww and gzww', these 
contribute directly to KK exchange diagrams involved in longitudinal vector boson scattering processes. 



A. Continuum Sum Rules and Triple Gauge Couplings 

In any continuum five-dimensional gauge theory, the sum rules that guarantee the absence, respectivel y, o f 0(E 4 ) 
and 0(E 2 ) growth in the amplitude for W^W£ — > W^W£ elastic scattering have the following form [U \5T\, 

oo 

2J 9%iWW = gwwww - gzww - 9^ww > (3) 
i=i 

00 

9ziWW M z z = ^9wwwwM w - ig zww M z , (4) 

i=l 

where Zi represents the i-th KK mode of the neutral gauge boson. [Z\ is also called Z' and Z2 is also called Z" .) 
These are special cases [n = m = 0] of the general identities given in [57[ for WhnWhn — ► ^LmWhm scattering 
processes where two KK modes of level n scatter into two modes of level m. 

We will start by examining these identities in the context of an SU(2)a x SU(2)b gauge theory with either a flat 
or a warped extra dimension, with ideally dclocalized fermions. Most relevant details of these mode ls ( the action, 
mode expansion of the gauge bosons, boundary conditions, etc.) are given in subsections 2.1 and 2.2 of [58[. However, 
before evaluating the sum rules in these models, we must calculate the heavy-light-light triple gauge couplings gz'ww 
and gzww-, which were not computed in that paper. 



1. SU(2) x SU(2) Higgsless model with aflat extra dimension 

The first model we consider is a 5d continuum 5J7(2)^ x SU(2)b gauge theory in which the 5th dimension is flat. As 
described in (58j , the coordinate of the flat extra dimension may be expressed as the dimensionful coordinate z which 
has boundaries at and irR; where convenient, we also employ the related dimensionless coordinate z = z/(wR). We 
examine the case where the SU(2)a and SU(2)b gauge bosons have the same bulk coupling, i.e. g§A — <75B = <?5- 
The boundary conditions at z = explicitly break SU(2)a x SU(2)b down to SU(2)w x U(1)y, where we identify 
SU(2)w with SU{2)a and hypercharge with the T 3 component of SU{2)b- We also introduce SU(2)w and U{1)y 
kinetic terms on the z — brane and call the associated couplings go and gy, respectively. It is useful to define an 
angle 8 relating these couplings as: 

gy sing _ s _ 

= ^ = — = h, (5) 

50 cos c 

with Sq + Cq = 1 , and also a parameter A relating go to the bulk coupling 

A = (ttR) 9 l =(irR)A (6) 

95A + 95B Z 95 
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We derive here the masses and wavcfunctions for the W\ and Z\ bosons; those for the light W and Z can be found 
in [HI]. Note that in order to obtain the correct leading-order expressions for the triple gauge couplings, wc need to 
keep the next-to-leading terms in the expressions for the wavefunctions. 

Starting from the differential equations and boundary conditions in [5c| , we find that the lowest-lying charged heavy 
gauge boson, W\ = W, has a mass 



nRMw = £ + -A + 0(A 2 ), 



with a corresponding wavefunction 

Xw'(z) 



C 



\Y> 



sin(M W iz) 



4A 



cos(Mw'z) 



whose normalization factor is 



Xw( z ) = c w si?a(Mw<z) , 

4A 



Cw' = 



9o 



1 - 



0(A 2 



The lowest-lying neutral heavy gauge boson, Z\ = Z 1 , likewise, has a mass 

TT 2 



■kRM z > 



+ — A + 0(A 2 ), 



with a corresponding wavefunction 



xU z ) 
Xz'(z) 



and normalization factor 



C z > 
C z > 

C x > = 



sm(Mz'z) 



4A 



cos(Mz'z) 



AX 



sm(Mz'z) - to — cos(M z -z) 

7T 



9o 



1 - 



4A 

47? 



0(A 2 



(7) 

(8) 
(9) 

(10) 

(11) 

(12) 
(13) 

(14) 



Note that the Z' becomes degenerate with the W in the limit Co — > 1 (so,t — > 0), in which the boundary conditions 
for Xz'( z ) at z = are of Dirichlet form, like those for Xw'i z )- ^ n addition, in the limit A — > 0, the wave functions 
of the W and Z' are expressible in terms of a pure sine function. This is consistent with the fact that taking A — > 
corresponds to imposing Dirichlet boundary conditions on both the SU(2)a and SU(2)b gauge fields at z = 0. 
The triple gauge boson couplings that involve one heavy gauge boson can be calculated as : 

gz>ww = I dz—\ Xzl {z)\xwi.z)\ +Xzi(z)\xw{z)\ \ + -»Xz>(0) \xw@)\ 



o 5g 
4V2 e 



A i/2 + 0(A 3/ 2) 



O 



( M v 



(15) 



gzww 



kR 



dz— {xi{z)Xw>{z)xw( z ) + Xz(z)Xw>( z )Xw( z )} 



90 8V2 Al/2 + 0(A 3 /2) 



C 7T' 

4^2 e /M w 



7T 2 SC \Afw" 



M w , 



9o 



(16) 



2 The more compact notation c or s is used in these expressions where the difference between employing the bare and corrected weak 
angles would cause only higher-order corrections. 
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We will use these results to compare models a little later in this paper. The masses, wavcfunctions, and triple gauge 
couplings of the higher KK gauge boson modes may be calculated in similar fashion, but will not be required for our 
purposes. 



2. SU(2) x SU(2) Higgsless model with a warped extra dimension 



The next model we consider is a 5d continuum SU(2)a x SU{2)b gauge theory with a warped 5th dimension. 
As described in [58||, we adopt the conformally flat metric ds 2 = (^) (ri^dx^ dx" — dz 2 ^j , for the AdS$ space, and 
require that the coordinate z be restricted to the interval R (= e~ fc / 2 i?') < z < R' . We assume a large hierarchy 
between the "Planck" brane at z = R and the "TeV" brane at z = R' (equivalent to taking 6 > 1). We take the 
SU(2)a and SU(2)b gauge bosons to have the same bulk coupling, i.e. g^A = g5B = 35- In order to arrange for a 
non-trivial weak mixing angle, we introduce a branc-localized U(l)y kinetic term on the Planck brane, where U(l)y 
corresponds to the T 3 component of SU(2)b', the dimensionless coupling associated with this kinetic term is gy ■ Then 
the electromagnetic coupling e is related to gy and 175 

1 _ bR 
72 - 



1 



(17) 



We can identify quantities Co, so that satisfy the relation Sq 
of the bare weak mixing angle: 



Cq = 1 and may be interpreted as the cosine and sine 



bR 
~~2 



1 



1 



bR 
~~2 



9l 



(18) 
we show 



Because expressions for the masses and wavefunctions of the light W and Z bosons can be found in [5_ 
only those for the W' and Z' below. 

Starting from the differential equations and boundary conditions in (58j , we find that the W boson has a mass 



R'Mi 



^ Y (xi) 



(19) 



where J n {z) and Y n (z) represent the n-th order Besscl functions of the first and second kind respectively, and x\ is 
the first zero of Jq(z) , i.e. Jo(a^i) = 0. The corresponding wavefunction of W is 



Xw( z ) = c w 
Xw'( z ) = C W 'zJi(M w >z 



zJi{M w >z) + ( - ) zY^Mwz) + 



1 



^(xi) 



(20) 
(21) 



Ji(xi) 

where C'w' is a normalization constant. In the expressions above, ellipses represent higher order terms with respect 
to 1/6. The Z' mass may be written as 

7T Y (xi) 



R'M Z ' = X! 



2cl Ji(xi) 



O ^ 



with a corresponding wavefunction 



x B Az) 



c z , 

Cz> 



zJ 1 {M z ,z)+{^j zY 1 (M Z 'z) 



zJ 1 {Mz>z) + ['-)"-±zY x {Mz>z) 



1+ v 



Cq Ji(xi) 



(22) 

(23) 
(24) 



where C z > is a normalization constant. 

Since the calculations of the normalization constants Cw',z' and the triple gauge couplings involve integrations 
whose results are not expressible in simple closed form, we carry out the integrations numerically. The resultant 
values of g Z 'ww and gzw'W are, at leading order, proportional to the input value of Myy/Mw' and can be written 

as 



gz'ww 



R' 



dz 



\ {xUz) \xU.z)\ 2 + X% (z) |X^W| 2 } 



0.36 



( M w 
\M W , 



O 



( 



Mi 



(25) 



5 



9zww 



r! 



dz 



0.41 



R\ 1 



z 1 91 
M w 



w 



{x z {z)x^)x w {z) + x B z {z)xw^)x w ^)} 

( M w 







\ Mi 



(26) 



We will use these results to compare models in the next section. Again, the masses, wavelunctions, and triple gauge 
couplings of higher KK modes may be calculated by similar methods, but will not be needed for our purposes. 



B. Comparisons and implications 

One way to compare models is to look simply at the values of the heavy- light-light triple gauge couplings. Doing 
this for the flat (Eqs. (JT5J) and l[T6])) and warped (Eqs. ([25]) and ([26])) continuum SU(2)a x SU(2) b Higgsless models 
yields an interesting result. Making the numerical approximations -prf — 0.36 and ^rj^. — 0.41 in Eqs. (fTS]) and 
(fl6)) . we find, 

gZ'Wtv|warpcd-5d 9ZWW I warpcd-5d -. f0 „, 
gZ'WW\S.aX-hd 9ZW'W\fiat-5d 

In other words, the values of gz'ww an d gzww m these continuum models are essentially independent of the 5d 
geometry to leading order. This contrasts with the situation for the couplings among the light bosons. Because the 
first KK mode nearly saturates the LHS of J3J) while the value of g-yww is set by gauge invariance, the difference 
gwwww — gzww i s independent of geometry; however, the individual couplings, gzww and gwwww, are different 
for different continuum geometries [58| . 

If we obtain the analogous couplings in the three-site model [34| by accounting for the wavefunction overlap among 
the gauge boson mass eigenstates at each site: 

gzww = gvUv w ) 2 +9v 1 z/ (v w ) 2 -~^[^;)+---, (28) 



~ ] ^ f \ 

gzww = gv z v w ,v w + gv z v w ,v w = - ^— — J H , (29) 



where the ^-standard weak mixing angle is defined as 



e 2 



sici = — =- , (30) 

then we can compare the continuum model triple gauge couplings to those in the three-site model, assuming a common 
value for M w /M w >: 

gZ'Ww\thicc-sitc ^ gzW'W I three-site ^ 7T 2 ^ q gy £g-g 
gZ'Ww\ftat-5d gzW'w\flat-5d 8^/2 

The values of gz'ww and gzww in the three-site Higgsless model are about 13% smaller than those values in 
5-dimensional SU(2)a x SU(2)b Higgsless models. 

An alternative comparison focuses on the degree to which the first KK mode saturates the sum on the LHS of the 
identities ([3|) and ([4]). Suppose that we form the ratio of the n = 1 term in the sum on the LHS to the full combination 
of terms on the RHS, evaluated to leading order in (Mvy/M^) 2 . The ratio derived from is 

?™ = , (32) 

gwwww - g Z ww ~ 9 7 ww 

while that derived from (0J is 

4gwwwwM w — 3g zww M% 



(33) 
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If the n = 1 KK mode saturates the identity, then the related ratio will be 1.0; ratio values less than 1.0 reflect 
contributions from higher KK modes. We see from Table 1 that each of these ratios is nearly 1.0 in both the 
SU(2)a x SU(2)b flat and warped Higgsless models confirming that the first KK mode nearly saturates the sum 
rules in these continuum models. The similar behavior of the two 5d models is consistent with our finding that the 
gz'ww coupling is relatively independent of geometry. 

Because the first KK mode nearly saturates the identities ([3]) and (j4|) in these continuum models, the ratios (|32|) 
and (|33p should be useful for drawing comparisons with the three-site model, which only possesses a single KK gauge 
mode. As shown in the 3rd column of Table [H the first ratio has the value one in the three-site model, meaning 
that the identity ([3]) is still satisfied. The ratio related to identity (|4|), however, has the value 3/4 for the three-site 
model, meaning that the second identity is not satisfied; the longitudinal gauge boson scattering amplitude continues 
to grow as E 2 due to the underlying non-renormalizable interactions in the three-site model. Since the value of the 
denominator has not changed appreciably, this indicates a difference between the values of the gz'ww couplings in 
the continuum and three-site models, as we discuss in the next section. 





5d 2 x 2 Flat 


5d 2 x 2 Warped 


Three-site 


2 

9 Z'WW 


2£2 ~ 0.999 


0.992 


1 


'2 '2 

9WWWW-9 Z WW~ 3 1WW 


Sa z'ww M z' 


4 ^ 0.986 


0.986 


3/4 





TABLE I: Ratios relevant to evaluating the degree of cancellation of growth in the WlWl scattering amplitude from the lowest 
lying KK resonance at order E 4 (top row, from Eq. (|32p h and at order E 2 (second row, from Eq. (|33p h A value close to one 
indicates a high degree of cancellation from the lowest lying resonance. Shown in successive columns for the SU{2)a x SU(2)b 
flat and warped continuum models discussed in the text, and the three-site deconstructed model. 



C. Deconstruction sum rules 



To understand the behavior of the two ratios (|32l33p in the three-site model, we need to relate them to the sum rules 
that apply in a general deconstructed model illustrated in Fi g. CO the gauge sector of the three-site model corresponds 
to setting N = 1 and f\ = fa = s/2v in Fig. [TJ As shown in [57| , the sum rule in Eq. (J3j) , which is related to canceling 
E 4 growth in the longitudinal scattering amplitude, is the same in deconstructed models as in 5d models. Hence, it is 
not surprising that the upper ratio in Table [J has the same value in the three-site model as in the continuum models. 
As noted above for the three-site model, however, in a general deconstructed Higgsless model the WlWl scattering 
amplitude continues to grow like E 2 at high-energies [5j| . This behavior is most easily understood in terms of the 
Equivalence Theorem pi, [6?], [H, [6^, [7(], EL [zl, [zl, O, [75[ which relates the WlWl scattering amplitude to the 
scattering amplitude of the unphysical Nambu-Goldstone bosons that remain in a renormalizable gauge. The residual 
E 2 growth is related to the non-zero contact interactions among unphysical Nambu-Goldstone fields ir present in 




N+1 



FIG. 1: A general linear deconstructed Higgsless model [53, in moose notation [23]. The groups at sites to N are SU(2) gauge 
groups, and the group at site N + 1 is a global SU(2) group with a gauged (7(1) subgroup, and each link corresponds to an 
5*17 (2) x SU (2) /SU (2) nonlinear sigma model breaking the adjacent groups down to their diagonal sum. The coupling constants 
(gi) and /-constants (fj) may be given values corresponding to the position-dependent coupling and warp factors of a related 
continuum model. The phenomenological constraint that W and Z have masses much less than the KK vector resonances is 
equivalent (by using the appropriate block-spin transformation) to taking go, gN+i <C gi, ■ ■ ■ ,pjv [H|]. The three-site model 
corresponds to JV = 1 and fi = f% = \/2v [341 ] . 
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deconstructed models, and the second sum rule [57| takes on the modified form 3 

M 4 

4 — 2~~~ Qtzhtztv + 3 ^2 9z t ww^Zi = ^gwwwwM w — 3g"z WW M z ■ (34) 

i 

Note this is an exact tree-level result in an arbitrary linear (or ring [57| ) deconstructed Higgsless model, and that the 
g^TTTTTT contact interactions vanish in the 5d continuum limit so that Eq. (|34|) reduces to (j4|) for a continuum model. 
Since the values of gwwww , gzww , Mw and Mz are very close to their Standard Model values in all of the models 
we are discussing, the right-hand sides of Eqs. Q and are nearly identical. The presence of the non-zero 
in (|34[) is what constrains gz'ww to take on a significantly different value in the three-site model than it has in the 
continuum models. 

Calculating the pion-pion scattering amplitude provides a related way of comparing the continuum 5d Higgsless 
models with the three-site model. For simplicity, we frame this discussion in terms of a "global" theory; for the decon- 
structed model this corresponds to taking g = grv+i = (which corresponds to setting the electroweak couplings, g 
and g' , equal to 0), while in the case of continuum Higgsless models, this corresponds to imposing Dirichlet boundary 
conditions for all gauge fields at both ends of the interval. Ref. [63| studied tttt scattering in an arbitrary global linear 
moose and obtained the following sum rule (a generalization of one originally derived by Da Rold and Pomarol (62j): 

4 = ^ + 3^^' ( 35 ) 

V 2 V 2 t-*' Mtr 

Here, gv iVV is the coupling 4 of tttt to the i-th vector boson KK-mode, and My i is the mass of the n-th KK-mode, 
V^. In the continuum limit, the four-pion contact interaction vanishes, and Eq. (|35|) reads 



,.2 3 



(36) 



which should be compared with the celebrated KSRF relation [6J, [65[ for the p meson in hadron dynamics (but note 
the different coefficients): 1/f 2 = 2g 2 /M 2 

In order to assess the ability of extensions of the three-site model to provide a better approximation to the low-energy 
behavior of continuum models, we define the parameter 

4 

a = "(I - g 7Z7f7T7T ) ■ (37) 

As noted earlier, a = 4/3 in continuum models where g^^im = 0; in contrast, a = 1 in the three-site model because 
gr OT7r7r7r 1/4. Relating this parameter to the sum rules above is enlightening. Recalling that the values of gwwww 
and gzww are, to lowest order in M w /M w . , the same as their respective Standard Model values of e 2 / ' s 2 z and ecz/ 'sz, 
we find that the RHS of equation (f34|) takes the form 

2 2 2 ^ M W 

^gwwwwM w — 3g zww M z = — y~ ■ (38) 



This lets us use (jM]) to recast a as 



4 n . \ - v 2 ghww M l /qq\ 

g(l - Stttttttt) = 2_j ■ (39) 



L W 

On the other hand, starting from the sum rule of Da Rold and Pomarol (|33|) allows us to make the connection 



4 n < \- 4u 2 g 2 

g(l - ftmnc) = 2^ — ^2 ■ ( 4 °) 



3 The four-pion coupling g-mtTrir is equivalent to the dimensionless quantity G® 000 in Ref. |57|1 ■ Ref. |62H instead uses the dimensionful 
quantity = g^mm/v 2 to describe the four-pion vertex. 

4 In the limit g, g' — > 0, one finds gy^-it —> o9Z t WW {My. /Myy); away from g = g' = 0, there will be corrections of order M^/M^y . 
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9 i (?) i 

T T T 4 

site - site - 1 site - 2 site -3 

SU(2) o SU(2) , U(l) 2 U(l) 3 



FIG. 2: SU(2) x SU(2)! x U(l) 2 x [7(1) 3 model analyzed in Section III. The solid circles represent (from left) SU{2) and 
SU(2)i gauge groups, with coupling strengths go = g and gi = g, and dashed circles represent (from left) U(l)2 and (7(1)3 
gauge groups with couplings 172 = <?' and g$ = g'. The left-handed fermions, denoted by the lower vertical lines, are located 
at the sites and 1, and the right-handed fermions, denoted by the upper vertical lines, at sites 1 and 2. The dashed lines 
correspond to Yukawa couplings, as described in Ref. [34]]. As discussed below, we will take /1 = /a = / = V2v and take 
9,9 > 9,9' ■ 



'J- f 

-l g ! g ; 



That the right-hand sides of Eqs. |39|) and ([40]) are not only consistent, but actuall y equivalent term by term, may be 
seen by remembering that the Equivalence Theorem [fiH, E3, [H, [6^, [70, IzE [zH Il3 13 |Z^| and its extra-dimensional 
counterpart [H show that the ZiWW vertex with coupling strength gZiWW is equivalent at leading order to the Vitttt 
vertex with coupling gy i7r7r = ^gZiWw(MyjMw), where ir is the Nambu-Goldstone mode eaten by the W. Finally, 
in both the three-site and continuum models, d takes on an even simpler form: 



v2 9 2 Zl ww M2 Zl 



4 * ' 9y l7 



(41) 



In the three-site model, the relationships in Eq. (|41[) are actually simple equalities because there is only a single Z' 
boson. In the case of continuum theories, the approximate relationships hold because the sums in the right-hand sides 
of Eqs. (f39|) and (|40)l are nearly saturated by the first terms For Eq. (f39|) this relates to the previously-discussed 
saturation of © and (gj) by the lowest KK mode; for Eq. ([40]). the results of Ref. [lH] imply that the RHS of ((36]) is 
dominated by the contribution of V\ in both the flat and warped global SU(2) x 517(2) Higgsless models. 

To test these ideas, let us look at an example. Since we expect that taking the number of sites in a linear 
deconstructed model to infinity should reproduce a continuous extra dimension, it is instructive to see what happens 
to the value of a in this limit. Consider the linear moose in Fig. [T]with go = gN+i = 0, and N gauged 517(2) groups 
in the simplest "fiat" case where all the decay constants are identical (/j = vyN + 1) and all the gauge couplings 
gi are identical (gi = yNg). By diagonalizing the mass-squared matrix of the gauge bosons and its dual matrix, we 
can calculate the mass of V\ and the wavefunctions of 7r and Vi from which we obtain the expression for gvtmr- The 
resultant expression for the parameter d takes the following form: 



2 sin" jfo _ 128 
N(N + l) 3 sin 6 jfc ~ ir 4 



1_ 71^ 

1 + N ~ UN 2 



(42) 



Asymptotically, we find d -> 128/tt 4 = 1.31405 ~ 4/3; equivalently one finds that the value of g^^ falls off as 1/N, 
approaching zero at large 7Y. In other words, the values of a and do approach their continuum counterparts, 

as anticipated. 



III. "MINIMAL" FOUR-SITE MODEL WITH AN ADDITIONAL 17(1) GROUP 

As mentioned in the Introduction, our aim is to seek modifications of the three-site model 1341 that can remedy 
some of its shortcomings, as measured by the deconstruction sum rules above. Because Ref. [571 ] discussed how to 
extend the relevant sum rules to mooses with extra 17(1) groups, the first extension we consider is a four-site linear 
moose model that includes an extra £7(1) group; we term this the minimal four-site model to distinguish it from the 
four-site model with an extra SU(2) group studied elsewhere [13, H3, HH, Hl| . In addition, as we elaborate in section 
IIII El below, this SU(2) 2 x t7(l) 2 model has a spectrum reminiscent of the most popular continuum Higgsless model. 
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In this section we analyze the SU (2)q x SU (2)i x U(l)2 x U(l)z linear moose shown in Fig. [2l and use the 
deconstruction sum rules to assess its ability to serve as a more complete low-energy effective theory for appropriate 
continuum models. The Lagrangian for the link fields in this linear moose is 

C = ^Tr(D^)(D^ + ^Tr(^E 2 )(£)^S 2 )t + ^-Tr^X^)* (43) 
where the covariant derivatives of the link fields are given by 

D^ 2 = d^ 2 +igW^X 2 -ig'X 2 B 2 ^ 
D^u = 8^(7 + ig'qB 2fl a - ig'qaB 3fl , (44) 
where the a link field has charges (q, q) under U (1) 2 x 1/(1)3. We work in the limit 

g,g'^>g,g', (45) 

so that the masses of the W and Z are much less than those of the heavy vector resonances and, for simplicity, we 
consider the case that the decay constants of the two £ fields take the same value: 

h = f 2 = .f = V2v. (46) 

The decay constant of a, denoted by /', is allowed to vary. We introduce a leading-order weak mixing angle 9, and 
dimcnsionless parameters s,c,t, and x as in the three-site model, 

q' sin 6* s q , . . . 

- = « = "=*. («! ), 47 

g cosO c g 

and also a new parameter, u, describing the strength of the U(l)3 coupling, 

9 - = u. (48) 
9 

In the following subsections, we present the most salient properties of the gauge and fermion sectors, stressing 
comparisons with the three-site model; further detail is given in Appendices A and B. We then look in greater depth 
at the Z' and Z" bosons in comparison to the heavy neutral gauge bosons of the three-site model and continuum 
models. 



A. The gauge sector 



Because the SU(2) x SU(2) gauge sector of this model is identical to that of the three-site model [34|, the charged- 
gauge boson mass-squared matrix is unaltered. The W and W boson masses and wavefunctions and the expression 
for Gp in terms of the model parameters (g, v, x) are the same as in Ref. (34|. 

The mass-squared matrix for the neutral gauge bosons, on the other hand, is enlarged by the addition of the second 
U(l) group. The matrix has a zero eigenvalue, corresponding to the massless photon, with corresponding electric 
charge 

(49) 



1 



1 



1 



9 2 



1 

^2 



9 9 



As we show in the next subsection, we will require q = q = 1/6 in order to provide appropriate hypcrcharges to the 



light fermions. Therefore, in what follows, we will assume q 
of Eq. (|49|) cancel, yielding: 



q, in which case the factors of q and q in the last term 



1 



1 



g 2 s 2 



1 



1 + -T 



The light neutral gauge boson, which we associate with the Z, has a mass 



Mi 



2 2 

9 v 



a+t 2 )- 



a-t 2 ) 2 t 4 



(50) 



(51) 



In the limit as u — > oo, the expressions describing the photon and the Z boson recover the values of the three-site 
model. The neutral gauge sector also includes two heavy mass cigenstates instead of the single Z 1 boson of the 
three-site model; we will discuss these states further in MIDI 
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B. ^-standard weak mixing angle and multi-gauge-boson couplings 



To facilitate comparison of this model with experiment, we take Mz as an input and define a "Z-standard" weak 
mixing angle smOz = sz in terms of e, Mz and Gf- 



2 „2 



s 7 .c 



z^z 



A^G F M 2 



2 2 
S C 



l + (cW) 1 



1 

4? 



.x 2 + 0(a; 4 ) 



(52) 



The relation between the weak mixing angle sin#z and the quantity s defined in Eq. (|48p is expressed as follows: 



4 = .s 2 + A, c 2 =c 2 -A, 



(53) 



:r 2 + Q{x A ). 



(54) 



Several quantities that depend on the new U{\) coupling through the parameter u when written in terms of s arc 
u- independent to leading order when written in terms of sz- For example, the coupling g in Eq. (|49|) has an explicit 
dependence on u when written in terms of s 



9" = I 



1 



i+-4 1 



l + ^x 2 + 0(x 4 ) 



(55) 



but recovers the three-site form (3~4| when expressed in terms of sz- Similarly, the u dependence of v z and v z visible 
in eqs. (|A7[) and (|A8|) disappears when we re-express these quantities in terms of sz- 



cz 



l-ci 



2t 



z Jl 



x 2 + Q{x 4 ) 



c z x 
16 



+ Q(x 5 ) 



(56) 
(57) 



These are again the same form as in the three-site model [3J]. As a result, the ZWW, WWWW , and ZW'W gauge 
couplings take on their three-site model values when written in terms of sz- 



gzww = g{vw) 2 (v°z) +g(vw) 2 ( v z) = e— 

sz 



1 + -^-x 2 + Q{x A 



8c 



9 zww 
gwwww 



9(vwKvU(v°z)+9(vw)(vw'Kvz) 

5 



4:S Z cz 



1 + + °(^) 



4c| 



9\^ w T + ~g\v l wT = ^ 



1 + 7£ x2 + 
Id 



(58) 
(59) 
(60) 



For gzww an d gzww, this is because the terms to 0(x 3 ) are independent of u and for gwwww it is because the 
W boson itself does not differ from that of the three-site model. 

The values of gzww and gwwww are sufficient to determine the chiral Lagrangian [8(], HH, [HJ coefficients ati, [i = 
1...5] and to ensure that these, too, have their three-site model values. The additional four-gauge-boson couplings 
gwwzz and gwwz-y can be determined in terms of the and shown to have the values: 



gwwzz = g\v w Y(v z Y +g z (v w Y{v z Y = e^-f 



1 



1 



1+ l4^ + 16^ 2 + °^ 



9ww Zl = fl 2 «) 2 K)K)+ff 2 (^) 2 (4)«) = e 2 ^ 

sz 



l + 7 ^ T x 2 +0{x i ) 
84 



(61) 
(62) 



which again have no it-dependence and also apply in the three-site model (they were not derived in Ref. [3J|). 

In contrast, the properties of the Z' and Z" bosons distinctly differ from those of the three-site model Z 1 boson. 
We will return to this topic after discussing the fcrmion sector. 
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SU(2) 
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1 
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2 


1 


2 


2 
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U(l) 2 


Ysm 










( ■ -j) 


l 

6 


u(ih 
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TABLE II: Gauge charge assignments of the fermions and Nambu-Goldstone bosons under the weak and hypercharge groups 
of the minimal four-site model. The notation Ysm refers to the hypercharge value of the related state in the Standard Model; 
we use the convention Q = T3 + Y so that the hypercharge of a left-handed quark doublet is | and that of a left-handed lepton 
doublet is — |. 



C. The fermion sector 



The fermion sector has delocalized U(l) charges as well as delocalized SU(2) charges. As shown in Table II, we take 
the fermions at site (ipw) an d site 2 (uji2, d^) to be charged under £/(l)2, while the fermions at site 1 ("0li> V'-Ri) 
are charged under (7(1)3. This choice of fermion charges allows us to interpret the model as a highly-deconstructed 
version of a 5d continuum SU(2) x SU(2) x U(l) gauge theory, as illustrated by the folded moose diagram in Fig. [3j 
The light fermions and the gauge groups under which they are charged lie together on the"UV brane" side of the 
Moose, while the vector- like fermions and their gauge groups are together on the"TeV brane" side. Table II also lists 
the gauge charges of the Nambu-Goldstone modes; the U(l) charges of these states were chosen to enable the light 
fermion mass eigenstates to have the expected standard-model-like values of hypercharge. 




FIG. 3: A folded moose diagram representing the same model as in Fig. [2] As noted in the text, the hypercharge fermionic 
currents at site and site 2 couple to the U(l) gauge boson at site 2, while the hypercharge fermionic currents at site 1 couple 
to the U(l) gauge boson at site 3. 

The Lagrangian terms that contribute to the fermion masses (Yukawa coupling terms and Dirac mass terms) 
resemble those in the three-site model - with the key difference that the Yukawa terms now include the Nambu- 
Goldstone mode, a, of the third link. In 5d language, the Yukawa terms arise from the covariant derivative along the 
5th dimension; hence they include the pions of both the SU(2) and U(l) gauge fields 



quark 



c 



lepton 



M 



M 



zlQlo'Ei&Qri + QbiQli + Qli^2 



£dR J V UR2 



(63) 
(64) 
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Note that while the additional sigma field, a, is part of the quark Yukawa terms, it is the cube of a* that is part of 
the lepton Yukawa terms, since the hypercharges of the left-handed quarks and leptons differ by a factor of negative 
three. 5 

The mass matrices for the quarks and leptons are the same as in the three-site model. Hence the expressions for 
the light left-handed and right-handed fermion mass eigenstates are, likewise, as in the three-site model, when written 
in terms of the Yukawa-like couplings El and er. Since the couplings of the light fermion eigenstates to the W arise 
from the overlap of the fermion and W eigenstates, these also remain as in the three-site model. For example, the 
right-handed coupling of the third-generation quarks to the W is 

Wtb -J .1 1 9 e tR SbR r-, nil 2V| ^ 9 m b StR 

9r =9t R b R v w = - i + (65) 

2 V 1 + e tR V 1 + £ Ir 2 m* 1 + £ tR 

and because this has the same form as in the three-site model, the value of the upper bound on EtR as constrained 
by b — > S7 is unchanged, i.e., EtR < 0.67. 

In any linear Higgsless model, there exists a particular value of El such that the left-handed fermion profile (/£) is 
related to that of the W boson (vyy) as 

&(/i) 2 <x<4, (66) 

and is said to exhibit "ideal derealization" (29[. As a result, since the W and W eigenstates are orthogonal, 
the fermions are rendered incapable of coupling to the W , thereby eliminating the possibility of large precision 
electroweak corrections 6 from fermion loops, which would conflict with existing data. Since both the W boson profile 
and the expressions for the fermion eigenstates are as in the three-site model, the value of el corresponding to ideal 
derealization is unchanged in our four-site model: 

e l = ^+0(x*). (67) 

Most other properties of the ideally-delocalized fermion sector in this four-site model are nearly identical to those 
of the three-site model. For example, both the weak and hypcrchargc couplings of light fermions to the Z boson are 
unchanged and are, in fact, essentially the same as in the Standard Model: 



9lr = ^ , [1 + 0&)] , & = -^Jl + Otf)] . (68) 

Details on the couplings of the fermions to the Z are given in Appendix A. In particular, the hypercharge coupling of 
the right-handed top quark to the Z is slightly altered because there are contributions from both site 2 and site 3 - 
and the Z boson profile is not the same at both sites. 

D. The Z' and Z" bosons 

We now return to considering the properties of the heavy neutral gauge bosons Z' and Z" in the four-site model. 
The mass-squared matrix for the neutral gauge bosons (displayed here for arbitrary a charges) is enlarged by the 



5 More generally, one could allow the charges of a under the two U(l) groups to be different and could allow different powers of a or a* 
to appear in the various Lagrangian terms: 



"quark 



M 



^lepton M 



'■( £UR e dR ) {u * Y ' fe) +h ' C - 
£l£lo2i(<t*) s L R1 +L R1 L L1 +L l1 T, 2 ( e " R c \(pY 



( VRl\ 


+ h.c. 


Vxz) 





Requiring the light fermions to have the same hypercharges as their SM counterparts turns out to impose the constraints q = q, 
3r = 3r' = s = s' , and qr = g. Our choice in the text of q = g and r = 1 represents the largest value of q for which r is an integer. 
6 In principle, there is a correction to the parameter Y |17| because of the additional U(l) gauge boson. However, in the presence of ideal 
derealization, the correction to Y begins at order x 4 12911 and is therefore negligible. 
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addition of the second U(l) group and takes the form 



/ x 2 



~2 2 

9 v 





-xt 



V 



xt x 2 t 2 [1 + q 2 



-xtu qq 






-xtu qq 



u q 



(69) 



A complete perturbative analysis of the eigenstates and eigenvalues of this system is provided in Appendix A, but it 
is important to note that when 



2 ~2 

u q 



(70) 



the heavy Z' and Z" bosons are approximately degenerate in the small- a; limit. The form of the masses and wave- 
functions are different in the degenerate case than in general - and we therefore consider these cases separately 
below. 



The degenerate case: u 2 q 2 



= 2 



First, we consider the approximately degenerate case. For the reasons discussed in the previous section we take 
q = q, but for clarity we display the dependence on the value of q explicitly; in addition, we use the "degeneracy 
condition" (Eqn. (|70|) ) to eliminate /'//. Finishing the diagonalization of the mass-squared matrix (|69|) yields the 
following masses of the Z' and Z" bosons (the wavcfunctions are given in Appendix A) : 



M 



Z'(Z") = 9 v 



1 + (u 2 + £ 2 (4 + u 2 ) T w) x 2 + 0(x 4 ) 



where 



2t 2 u 2 {-4 



t 4 (4- 



,2\2 



(71) 



(72) 



In this case, the two heavy bosons are nearly degenerate and their wavefunctions at site 1 and site 3 are both of O(l) 
while those at site and site 2 are of 0{x). 

We may also compute the coupling of each heavy neutral gauge boson to a pair of W bosons, using Eqs. (|A2j) and 

ens): 



9z'ww(z"ww) = g(vw) 2v z>(z>>)+g( v w) 2v z>(z>>) 
e V2t 2 u 



2s z yjw{w ± (u 2 + t 2 [-A + u 2 ])} 



x + 0{x 3 ). 



(73) 
(74) 



While each of these couplings is significantly different at leading order than the Z'WW coupling in the three-site 
model, there is a relation between the three couplings: 



[sz'ww 



9Z"WW) {ouI _ site ~ {9z'WW)thr 



16 S | 



[l + 0(a 



(75) 



In fact, this relationship is independent of the value of u and follows directly from the general sum rule ([3]) that is 
responsible for ensuring the vanishing of the E 4 growth of the amplitude for WlWl — > WlWl scattering because 
g-yww is fixed by gauge invariance and we showed earlier (Eqs. (|58|) and ([60]) ) that gwwww and gzww are identical 
in the three-site and 4-site models. 

Given the relationship among the couplings (|75p . the ncar-degcncracy of the Z' and Z" boson masses in this case, 
and the near-degeneracy of those masses with the Z' boson mass in the three-site model, we find that the expression 
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fl39l) for a reduces to 



degenerate _/\/f ^ 



(#Z>WW M Z> + 9z"WW M Z") 



T74~ (Idz'ww + 9z"ww\Mz< , 



four— site, degenerate 



four— site, degenerate 



(76) 



(9 Z'WW-M Z' )thrcc-sitc — 1 : 



so that the "degenerate" four-site model still has awl, just like the three-site model. 



2. The non-degenerate case: u 2 q 2 



2 = Oil) 



We now consider the alternative limit, without degeneracy. Finishing the diagonalization of the mass-squared 
matrix (|A3[) yields the following masses for the Z' and Z" if one makes the assumption that (u 2 q 2 [f'/f] 2 — 2)= 0(1) 
(again, the wavefunctions are listed in Appendix A, and we take q = q): 



Mi 



M 2 „ 



~2 2 

9 v 



~2 2 

9 v 



l + ^{l + t 2 )x 2 + 0(x 4 ) 



f [ 



u 2 + t 2 x 2 + 0{x 4 )] 



(77) 
(78) 



This time, the ratio of masses is (Mz" /Mz>) = 



[1 + 0(x 2 )]; we also find that the Z' boson is strongly 



concentrated at site 1 and the Z" boson, at site 3. In the u — > oo limit, we recover the three-site model: the Z' mass 
and wavefunction revert to the three-site form, while the Z" becomes infinitely massive and localized at site 3. 
We may also compute the coupling of the Z' and Z" to a pair of W bosons, as in Eq. (|T3"|) . The results are: 



gz'ww 



9z"ww 



-±± + 0(x 3 ). 
4s z 



eszx 



r- 



f' 2 q 2 U 3 




4/ 2 - f' 2 q 2 u 2 
- f' 2 q 2 u 2 



0(x 5 



(79) 
(80) 



where, as before, we take q = q and explicitly display the q dependence. As expected, in the limit where u — ► oo, the 
Z'WW coupling takes on its three-site value and Z"WW coupling duly vanishes; this is consistent with having the 
Z' and Z" bosons increasingly localized on sites 1 and 3, respectively. In addition, since gz"ww = 0(x 3 ), the sum 
of the squares of these couplings behaves as in Eq. (|75|) , as mandated by the general sum rule ([3]). 

Finally, evaluating Eq. ([39]) by applying Eqs. ([Al) . (f55]). ([77|1. ([78]) . ([79]) . and (80|), we find that a = 1 when 
u 2 q 2 [f'/f] 2 7^ 2. The contribution from the gz>Mz>ww dominates and that from g 2 Z nMz"ww is suppressed by a 
factor of x A . In other words, the parameter a equals 1 in the minimal four-site model, independent of the value of u. 



E. Comparison to a continuum SU(2) x SU(2) x (7(1) 5d Higgsless model 

By comparison, let us consider the form of the neutral heavy gauge bosons in a continuum SU{2) 2 x U(l) Higgsless 
model with a flat extra dimension. We will call the coordinate of the extra dimension y and work in the unfolded 
picture in which y runs from to 37ri?. Using the methods discussed in Rcf. (59|, the expressions for masses and 
wavefunctions for heavy gauge bosons that result from solving the mode equations with boundary conditions are, 



Mz>,z>> = irRM Z ',z» 



7T 2t 2 + r 2 (l + t 2 )±^(2t 2 + r 2 (l + t 2 )) 2 -Sr 2 t 2 
2 Trr 2 



A + 0(A 2 ), (81) 
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FIG. 4: A moose diagram of the SU{2) 2 x (7(1) hidden local symmetry (HLS) [H, El EJ El EE El, Ell Higgsless model 
discussed in this section. As discussed in the text, the model includes only two separate SU(2) x SU(2)/SU(2) nonlinear sigma 
model fields, £1,2- We will work in the limit g,g' <C g, where g and g' are the coupling constants of the SU(2) x (7(1) gauge 
groups labeled L and R respectively (and the (7(1) is generated by T3 in the global SU(2)r), and g is the coupling of the 
SU(2)h group at the apex of the diagram. The fermions derive their couplings from both 5(7(2) groups, as required by ideal 
derealization [29| . 



Xz>,Z"(y) = C z >,z» 



M z > z" 

cos(yM z >,z>>) — sm[yM Z ',z") 



2 A 



a 



Z' ,Z'' 



cos(2M z ,, z „) - ^^sin(2M z ^) 
cos(M Z ',z") 



(for < y < 2) , (82) 
cos((3 - y)M Z ;z» ) (for 2 < y < 3) , (83) 



where, Cz',z" are normalization constants for the Z' and wavef unctions, to and A are denned in Eqs. ([5]) and ([6]), 
r = g 5 y I '<?5 is the ratio of the five-dimensional hypcrchargc and 5(7(2) couplings, and y = y/(irR). From Eq. (|8ip we 
see that the lowest-lying pair of KK modes, Z' and are almost degenerate, i.e., Mz>/Mz>> = 1 + 0(\). Moreover, 
the wavefunction of each boson has similar magnitude for y = 1, 3 and a much smaller magnitude for y = 0,2. This 
suggests that the deconstructed four-site model will best approximate the behavior of the heavy gauge bosons in the 
5(7(2) x 5(7(2) x (7(1) continuum model for the parameter value u 2 q 2 [f'/f] 2 ~ 2. 

Recall that the charged electroweak bosons of the four-site and three-site models are identical, while the pair of 
nearly-degenerate Z' and Z" bosons for u 2 q 2 [f'/f] 2 = 2 jointly couple to M7-boson pairs like the single Z' boson 
of the three-site model. We therefore conclude that vector-boson scattering processes among the lightest KK gauge 
bosons in a continuum SU{2) 2 x U (1) model with a flat extra dimension will be well-described by the three-site model. 
Since the three-site model also provides an effective low-energy description of the 5(7(2) x 5(7 (2) continuum model, 
it follows that the lightest KK gauge modes of the 5(7(2) 2 x (7(1) and 5(7(2) 2 continuum models will also appear 
phenomcnologically similar at low energies. 



IV. THE TRIANGULAR MOOSE MODEL WITH THREE SITES AND THREE LINKS 



Having analyzed the minimal four-site model, we now consider a different modifications of the three-site model 
(33 | that can remedy some of its shortcomings, as measured by the deconstruction sum rules. Because Ref. [57| 
discussed how to extend the relevant sum rules to ring models, the second extension we consider is a general breaking 
electroweak symmetry strongly (BESS) or hidden local symmetry (HLS) model [HI, S3, IH, 0, [4^] , a three-site moose 
model that includes an additional link closing the moose into a ring (see Fig. |4|). In order to have a consistent 
electroweak phenomenology, we incorporate ideal fermion derealization in section IIV CI below and we refer to the 
complete model as the triangular moose from here on. 

In this section we describe the triangular moose model and compare its properties to those of the three-site model and 



1G 



appropriate continuum theories. This model 7 , as illustrated in Fig. [4] is based on an SU(2)l X SU (2)h x U (1)r gauge 
group, with the SU(2)l x U(1)r couplings g and g' much less than the SU{2)h coupling g. The SU(2)h represents 
the deconstructed bulk gauge fields of a five-dimensional Higgsless model and the gauged U(1)r corresponds to the 
subgroup generated by T3 in a global SU(2)r. The model incorporates two nonlinear sigma model fields Si. 2 which 
transform as 



Si -> LSiF f , S 2 -► , 

under the global SU(2)l x SU(2)h x SU{2)r symmetry, so their covariant derivatives are: 

£>"Si = ^Si + igW^Y Si - igSiW^y , 

£>"E a = a^s 2 + is^yS 2 - *ys a w^y . 

At C(p 2 ), the most general parity-invariant Lagrangian for Si j2 is given by 

^angular = ^ [ ( ^ Sl) t (£) M El ) + (£>„£„) t (£)/.£.,)] + ^ Tr [(£> M (S i S 2 ))tD' 1 (SiS 2 )] 

There are also kinetic energy terms for the gauge-bosons 

1 

I 



GB 



(84) 

(85) 
(86) 

(87) 
(88) 



The triangular moose gauge sector is equivalent to the BESS or HLS Lagrangian given in refs. [41|, |42j, |43|, [4J, |4 



HLS 



(CSl)Si - (^S 2 )Sj 



— a — Tr 

4 



(D^S^Si + (£>' i S 2 )S| 



= Tr 

4 

2 2 

=^(1 + a)Tr [(£) /1 S 1 )t(^S x ) + (^S 2 )t(^E 2 )] + y (1 - a)Tr [(D /i E 1 )tS 1 (D /1 E 2 )E 2 ' 

2 2 

=^-Tr [(^SOt^Ei) + ( J D Ai S 2 )t( J D^S 2 )] + ^(1 - a)Tr [(D M (SiS 2 ))t J D^(S 1 S 2 )] . 



if we establish the correspondence 



F 2 = 2av 2 , 



v 2 (l-a) 



(89) 
(90) 



Note that, for a ^ 1, this Lagrangian is not "local in theory space" (25[. As discussed below, the case where a = | 
is particularly interesting since it most closely approximates 8 the properties of a continuum SU (2) x SU (2) Higgsless 
model (either in flat space or AdSs). Note also that, for a > 1, the squared "decay-constant" F| is less than zero. 

In section IV E we will further examine the relationship between four-site linear, three-site triangular, and HLS 
models. 



A. The gauge sector 



The gauge sector of the triangular moose model is determined by five parameters: v, g, g' , g, and a. Three of these 
will be fixed by Gp , a em , and Mz - leaving two free parameters, which we will take to be a and the mass of the 
heavy charged boson Mw> ■ We will describe the essential features of the gauge sector here and give details, such as 
the gauge boson mass-eigenstate wavefunctions, in Appendix C. 

The charged-boson mass matrix is given by 



g 2 v 2 fx 2 {l + a) -2xa 



M 



w 



—2xa 



4a 



(91) 



7 The heavy fermion phenomenology of a model with a similar gauge structure but a different top quark sector is studied in 

8 Note that a = 4/3 corresponds to p- meson dominance of tttt scattering in HLS models of QCD [4a, |60H . 
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where x = g/g <C 1. Expanding in i, we find the masses 

- 2 (a - l)x A 



AL 



2 2 

9 v 



w 



1 ~ T 



16a 



M 2 ,, = gVa [ 1 + T 



16a 



from which we may derive the relationship 
The neutral-boson mass matrix is given by 



~2 2 



x 2 (l +a) 
— 2xa 



■4a 2 (5a + 2) 



-2xa -tx 2 (l-a)^ 
4a —2txa 



-tx 2 (l-a) -2txa t 2 x 2 {l + a) 



(92) 



(93) 



(94) 



where t = g'/g = s/c and s 2 



1. This matrix has a zero eigenvalue; its associated eigenvector corresponds to 



the photon, whose electric charge is related to the gauge couplings by 



1 



1 1 



1 



g 2 g 2 g' 2 



The light neutral gauge boson, which we associate with the Z , has a mass 

g 2 v 



Ml - 
z 4c 2 



x 2 (c 2 ~s 2 ) 2 (a-l)(s 2 -c 2 ) 2 x 4 



1 



16c 4 a 



while the mass of the heavy neutral Z' boson is 



Aff , = g 2 v 2 a 



4c 2 



x\l~t 2 f 
16a 



(95) 



(96) 



(97) 



Note that all the expressions for quantities related to the gauge sector reduce to their counterparts in the three-site 
model if we set a = 1. 



B. Z-standard weak mixing angle 

In order to compare the model with experiment, we will define a "Z-standard" weak mixing angle sinOz = sz in 
terms of e, Mz and Gp, as in Eq. ([52")) . This is related to s, defined just below Eq. (|M|) through Eq. (|53[) where 



A 



= s 2 



c2 -\) 



(98) 



In other words, s 2 and s 2 z differ only at order x 2 . 

We can also calculate the ZWW and WWWW vertices in the triangular moose model from the overlap of the 
gauge boson wavefunctions at the different sites. Since the dependence of the wavefunctions on a only starts at order 
a; 3 , the expressions for gzww and gwwww are the same as in the three-site model to order x 2 : 



gzww 



ecz 
sz 



gwwww — — 



16 



ec z 
sz 



w 



5a / Mw 
H — 7- 

4 \M W 



(99) 
(100) 



where the middle expressions above agree with those of the three site model found in Ref. [34[ and the right-hand ones 
result from applying Eq. (|93|) . The leading terms are precisely as in the Standard Model, and the size of the deviations 
in the couplings is proportional to a. While the general form of the expressions resembles that for 5d ST/ (2) x SU(2) 
models, the comparison is complicated by the fact that the ZWW and WWWW couplings in continuum models vary 
with geometry [58l |. 
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C. The fermion sector 



In the fermion sector of the model, we will consider a delocalized [29j, [30|, [31( , massless fermion deriving its SU(2)w 
properties from both site and site 1, just as in the three-site model. 

To ensure that the model does not generate precision electroweak corrections of a size excluded by the data, and 
yet allow for the possibility of deviations from ideal derealization [29[ , we make the definition 

trianqular SM ( 1 i \ /-i m \ 

9l =9l 1 + T7T ' ( 101 ) 



44 



which is related to the derealization parameter cl as 



24 X \2-—^) +0 ^^^ « 

a relationship that reduces to the three-site model form for a = 1. In the special case of ideal derealization, all four 
leading-order parameters [Tt], H3 that describe the deviations of a flavor-universal extension of the Standard Model 
vanish and, in particular, the parameter aSo [lil . Il5| vanishes. From (| 1 02[) . one may show that as one approaches 
ideal derealization by sending So — > 0, the corresponding value of becomes 9 

4(So-0) = y + ^ + -.-, (103) 

which reproduces the three-site model result for a=l. 

To see that the principle of ideal derealization applies for any value of a, one can examine the form of the couplings 
between gauge bosons and ideally delocalized fermions when written in terms of the physical quantities e, Mz and 
Mw- These may be obtained by computing the superposition of the eigenstate wavefunctions with the coupling 
strength at each site. The resultant expressions for the coupling of the left-handed fermion to the W boson (p)^), the 
T3-coupling of the left-handed fermion to the Z boson (g^ L ), and the hypercharge coupling of the left-handed fermion 
to the Z boson {gyh) are 



9 Y = 6 [1 + 0(. 4 )] , gf L = €Mw [1 + O^)} , 9yl - ~\h ~ H [1 + 0(x 4 )] . 

(104) 

Clearly, the fermion couplings to the W and Z in the triangular Higgsless model are of very nearly the Standard 
Model form, as consistent with ideal fermion derealization, for any value of a. 

D. gz'ww value and comparison to continuum models 

We can calculate the Z'WW and ZW'W couplings in the triangular moose model by accounting for the wavefunction 
overlap among the gauge boson mass eigenstates at each site. Using Eqs. (|9"51) . (|C4|) . (|C5[) . (|C9[) . and (|C11[) we find 
the following: 

gz'ww = 9v% l {v w f + ~gvUv w f = -^-(^ L )+---, (105) 

2 s z \M W ' J 

000,-111 V" e ( Mw\ nna s 
gzww = gv z v w ,v w +gv z v w ,v w = — [ TT~ + " ' ■ ( 106 ) 

From these results, we can see that the triple-gauge-boson couplings involving a heavy gauge boson are suppressed by a 
factor of Mw/M\v' compared to the magnitude of the Standard Model triplc-gauge-boson coupling, gzww — ecz/sz- 
We also note that the contributions to these couplings from site and site 1 enter at the same order. Thus, we expect, 
in the continuum theory, that the contributions to gz'ww and gzww from triple gauge boson couplings in the bulk 



In the 3-site-model limit, this choice of e? is equivalent to a choice of the parameter b in [7rj to make E3 or aS vanish. 
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and on the brane are also comparable. This is consistent with our earlier observation that it was necessary to calculate 
the wave function of the heavy gauge bosons to the next-to-leading order to obtain the leading contribution to gz'ww 
and gzww for the SU(2) x SU{2) continuum model studied in Sec. Ill A II 

To evaluate the triangular moose model as an effective theory for the SU(2) x SU(2) continuum models, let 
us first calculate the gauge coupling ratios of Eqs. (|32[) and (|33p . using our expressions for the triple and quartic 
gauge couplings in Eqs. |99|) . (|100p . (|105|) . and (|106|) . We find that the first ratio has the value 1 in the triangular 
moose model, just as in the three-site and continuum SU(2) x SU(2) models. The second ratio has the value |a, 
in the triangular moose model, as compared with 1.0 in the continuum models and | in the three-site model; this 
suggests that an triangular moose model with a = | may provide a better approximate description of the continuum 
SU(2) x SU(2) models than the three-site model. 

In fact, comparing Eqs. (f39|) and (|105[) . while recalling that there is only one set of KK bosons in the triangular 
Higgsless model and that the Z' and W are essentially degenerate as in Eqs. (j§2")) and (f9"T)) . reveals that the parameter 
a in the triangular moose model is precisely the quantity a defined earlier as a means of comparing continuum and 
deconstructed models: 



a 



2 2 M 2 
triangular _ u ilZ'WW 1V1 Z ' 



(107) 



This may also be confirmed by calculating the coupling strength of the Virn vertex from Eq. which leads to the 
relation 



4?/ O 

^triangular = ^Vj™ _ fl /^g) 



4v 2 g 2 
Ml 



where the LHS follows from Eq. (j40[) . Similarly, if we evaluate g^imr; using the HLS Lagrangian (|89|) , we find that it 
has the form 

3 

g-RTTTTTV = 1 - TO. (109) 

The 4-pion contact interaction vanishes [H, [(3(| for a = 4/3 , reducing the sum rule (|34[) for this deconstructed model 
to the form of its 5d counterpart (TJ|. 

The equivalence of a and d tr " lan9ular , allows us to make an interesting comparison of the amplitude for pion-pion 
scattering, which depends both on the four-pion contact interaction and on the Vitit vertex, in various models. Fig. [5] 
shows the partial wave amplitude Tq for pion-pion scattering in the global 10 continuum flat SU(2) x SU{2) model 
with M\ = 500 GeV compared with Tq in the hidden local symmetry model for several values of the parameter a. 
The result in the global 8 three-site model is shown by the curve labeled a = 1; the value a — 2 is motivated by the 
phenomenological KSRF relation [64[, 65]. This plot ties our results together quite neatly: while the curves with three 
different values of a all give a reasonable description of Tq at very low energies (as dictated by the low-energy theorem 
[77I [T8| . [79j). the best approximation to the continuum behavior of Tq over a wide range of energies is given by the 
triangular moose model curve with a = 4/3. At low energies, the fact that the three-site and triangular models both 
prevent E growth of the amplitude suffices; but at higher energies, the fact that the triangular moose model has 
g-niz-mr = and a = 4/3 enables it to cut off the E 2 growth of the amplitude as well, as consistent with the behavior 
in the continuum model. 

E. Reduction of a four-site model to the triangular moose 

In the previous subsection, we have demonstrated that the HLS or BESS triangular Higgsless model with a = 4/3 
accurately describes the properties of WlWl elastic scattering in continuum Higgsless models. One puzzling aspect 
of this conclusion is that the triangular moose model is non-local in "theory space" [25| . whereas the most general 
continuum Higgsless model can be derived [57| as a limit of the linear Higgsless model illustrated in Fig. [I] which is 
local in theory space. In this subsection we show how the triangular moose model arises naturally from a linear moose 
model when one "integrates out" heavy vector modes; we illustrate how this occurs by showing how the four-site 
global linear model illustrated in Fig. [5] reduces to to a three-site triangular moose model illustrated in Fig. [7] in the 



That is, we set g = g' = for simplicity. 
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1000 2000 3000 4000 5000 

V7 (GeV) 



FIG. 5: Behavior of the partial wave amplitude T for pion-pion scattering in the triangular moose model with various a. The 
values v = 250 GeV, My = 500 GeV are assumed. The curve labeled "cont." shows To m the continuum flat SU(2) x SU(2) 
model for Mi = 500 GeV. 




FIG. 6: The four-site global moose diagram for the model considered in Section [IV El The model has an SU(2)l X SU(2)r 
global symmetry and two gauged SU(2) groups with equal couplings, and therefore has a left-right parity symmetry. We 
consider the "reduction" of this model in the limit /2 — * oo. 




FIG. 7: Triangular moose model to which the four-site moose in Fig. [6] reduces in the limit /2 — ► oo. Note that the three link 
fields are not independent, and the "non-local" link sigma-model field is Ei • £3. We determine the values of and F% that 
result, and find that Fi < 0. 
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limit in which / 2 oo. Note that the four-site moose in this case is not our "minimal" SU(2) 2 x U(l) 2 moose, but 
the alternative SU(2) 3 x £7(1) moose. 

Let us begin by examining the global four-site model. Given the equal couplings of the two gauged SU(2) groups, 
the model has a parity symmetry under which 



Si *-> £3 , 



Zj 2 ' 



where W^ 2 are the gauge bosons of the two gauge-groups. In addition, we can also see by inspection that the decay 
constant for the exact Nambu-Goldstonc bosons of the four-site model (corresponding to the electroweak scale) is 
related to the /-constants of the individual links as 



1 

F2 



2 1 

7F + if 



1 



(110) 



As consistent with Georgi's spring analogy |23j |, the /-constants for the three links in linear progression from group L 
to group R combine like the spring-constants of three springs in series. 

Working in a "unitary" gauge in which £2 = I, we may write the Lagrangian for the four-site model to leading 
order as 



(111) 



Here, the fields W^ 2 = ^12 ' 7-0 arc Hcrmitian matrix vector fields where the r a are the generators of SU(2), and 
the covariant derivatives are given by 



£>"E 3 = d"E 3 + »W#E 3 . 



(112) 
(113) 
(114) 



Our strategy is to rewrite the /-constants in the form 

y/2v 



h 



cos a 



sma 



(115) 



and consider the limit sin a — > with v fixed. In this limit, we see from Eq. (jlllj) that the "axial" vector field 
proportional to W£ — W 2 becomes heavy. Following [63| we will integrate out the heavy field at tree-level by finding 
the equation of motion for the axial field, solving this order-by-order in a, and plugging the solution back into the 
Lagrangian in Eq. (|llip . 

The equations of motion of W^ 2 can be written [(33| in the form 



7i 2 + /l 



ff + fi 



(116) 
(117) 



in the gauge in which E2 = % and neglecting terms with higher derivatives. Taking the difference between these two 
equations, wc find 



(sJa^S! - Es^e 



(118) 



In order to use this expression to study the a — > limit of the Lagrangian of Eq. (jllip . it is most convenient to 
rewrite the gauge fields in the notation 



W^ 2 =W»± ^(W? ~ W%) , where W = -{W? + W£) , 



(119) 



The newly-defined is the appropriate "block-spin" vector field resulting from integrating out the middle link, and 
also corresponds to the physical light vector boson state. We may, likewise, use Eq. (|119p to define the covariant 
derivative D^: 



Z^Ei = <9 M £i - i EiW" 
£>"£ 3 = d^ 3 +iW^ 3 



(120) 
(121) 



22 



and then rewrite several key expressions appearing in the four-site Lagrangian as follows: 



sjz^Si = ( 1 - 

(0"E 3 )££ = (l- 
W£ - w. 



sin 2 a 



sin 2 a 



(Sj^Ei) 



sin 2 a 



sin 2 a 



2 



Applying Eqs. (fT20[) 

2v 2 



124[) to the four-site Lagrangian we find that it takes the following form at 0(p 2 ) 



(122) 

(123) 
(124) 



P triangular 

V 



4 cos 2 a 



Tr 



v 2 sin 2 a 



4 cos 2 a 



Tr 



(L) M (E 1 S 3 )) t (D M (S 1 S3)) 



(^S 1 )t(^S 1 ) + (^S 3 ) t (^S3 

This reduced Lagrangian corresponds to the triangular moose (|87|) illustrated in Fig. [7| with the identifications 

2v 2 



F.-f 



v 2 sin 2 a 



(125) 



(126) 



This time, Georgi's spring analogy [23j, leads us to expect that the /-constants for the links from group L to group 
R will combine as for the spring constants of two identical springs in scries with one another and jointly in parallel 
with a third spring. And this is exactly what we find: 



F 2 

F 2 = ^ + F 2 = v 2 



(127) 



Note that the reduced Lagrangian is non-local in theory space, and includes a negative F 2 . 

We may also compute the effect of the decomposition in Eq. (|119[) on the gauge-boson kinetic energy terms. Since 
Wi — W£ = C(sin 2 a) in the limit of small sin a, we find that the only effect is to produce a coupling constant for 
the block-spin gauge-boson W M equal to g/V2. Hence, we can show that the vector- meson mass-squared Myy> and 
coupling constant gw'mr also agree to C(sin a) between the four-site and reduced Lagrangians. 

Finally, as in Section IV, we recall that the triangular moose Lagrangian (|87[) is equivalent to the HLS Lagrangian 
[4l], |42j shown in Eq. if we establish the correspondence shown previously in Eqs. ([50)) : 

F'l = lav 2 , 
F 2 =v 2 (l-a). 

Thus, we conclude that the [SU(2)] 3 x U(l) four-site moose in the limit of small sin a corresponds to an HLS model 
with awl: 



1 



1 + sin a + 



(128) 



V. PHENOMENOLOGY 



We now look at the collider phenomenology of the models discussed in this paper. First, we update the LEP II 
bounds on M' w in these models. Second, we discuss searches for a W or Z' boson at the LHC in channels that depend 
only on the ZW'W or Z'WW couplings. Those heavy-light-light triple gauge boson vertices have a common value 
in continuum theories of different geometries, as in Eq. (|27|) . and have similar values even in the various effective 
theories (three-site, four-site, triangular) discussed here. Hence this W and Z 1 phenomenology will be characteristic 
of this whole suite of theories. For a given gauge boson mass, one can make a robust prediction of the size of the 
signal expected for the entire class of theories - a good situation for an initial discovery search at the LHC. Third, 
we consider the rather different scenario presented by measurements of the Z' line shape or ZWW vertex at future 
high-energy lepton colliders. We will see that the experiments should be quite sensitive to the value of a in HLS- 
type models, and to the Z' mass and Z'WW in general. A precise measurement at the ILC could thus potentially 
discriminate among various continuum and deconstructed theories - a good situation for a follow-on measurement to 
an LHC discovery of a W or Z'. 
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A. LEP 



Studies of WW production at LEP-II provide important constraints on deconstructed Higgsless models with nearly- 
ideal derealization. In this section, we extend an analysis [13, HH that was previously undertaken for the three-site 
model where the fermions were taken to be ideally delocalized and the only modification considered was a change 
to the ZWW coupling. We find that a more general analysis allowing for deviations from ideal dclocalization and 
incorporating both s-channel and t-channel WW production sub-processes gives a more complete picture. In this 
work we also incorporate the effects of the extra link in the triangular Higgsless model. 

We begin by reviewing the Hagiwara-Peccei-Zeppenfeld-Hikasa triple-gauge- vertex formalism [&|, which gives the 
most general CP-invariant form of the ZWW vertex as 

C zww = -ie— [1 + Anz] W+W-Z^ - [l + Agf 1 (W+^W' - W~ IM 'W+)Z V (129) 
sz 

where the two- index tensors denote the Lorentz field-strength tensors of the corresponding fields. In the Standard 
Model, Akz = Agf = 0. In any vector-resonance model, such as the Higgsless models considered here, to lowest 
order the interactions (|129| come from re-expressing the nonabelian couplings in the kinetic energy terms of the 
original Lagrangian in terms of the mass-eignestate fields. Here, this yields equal contributions to the two anomalous 
couplings: Agf = Ak z HI]. The parameter Agf has been bounded by LEP-II [H] as -.054 < Agf < 0.028 at 95% 
CL. Note that this formalism only addresses changes to the s-channel diagrams through alterations of triple-gauge 
couplings and does not incorporate the possibility of changes to t-channel neutrino-exchange diagrams via alterations 
to the Wev coupling or the presence of a new vector-like neutrino state. 

Because the Higgsless models considered here include physics that could change t-channel contributions to WW 
production at lepton colliders, we have undertaken a pair of calculations in order to understand how the LEP-II 
bound on Agf applies. First, we used CalcHEP [84| to calculate the forward (cos# > 0.75) scattering cross-section 11 
for e + e~ — * W + W~ in the case where the Standard Model Lagrangian is modified by inclusion of the new physics 
terms in (|129p . This enabled us to make contact with the procedure followed by the LEP experiments. Then we 
separately implemented our Higgsless model in CalcHEP using the FeynRules [86[ package and calculated the forward 
scattering cross-section as a function of Myy' for various values of the parameters a and So (including the case of ideal 
delocalization where So is close to zero). 

In both of our calculations, we included all relevant s-channel and t-channel diagrams. 12 We find that the pure 
s-channel, pure t-channel and interference terms in the cross section each display similar sensitivity to changes in 
the value of Mw' and/or Agf and that there is an important, partial cancellation among them. As a result, using 
the LEP-II limit on Agf to bound M\y> in Higgsless models requires that both s-channel and t-channel diagrams be 
included in a full analysis . 

By comparing our two calculations, we find the effective value of Agf that gives the same forward cross-section as 
our deconstructed Higgsless models for various values of Mw>, a, and So, and we present the results, together with the 
LEP-II upper bound on Agf, in figure[8l As this plot shows, increasing the value of So or a increases the lower bound 
on Mw'i while lowering them decreases the lower bound on Mw>- For some values of Sq and a, the corresponding 
curve never rises above the LEP-II upper bound on Agf; however, as Mw' (and therefore M z >) is reduced further, 
each curve reaches a maximum and quickly drops below the LEP-II upper bound on Agf. As a result, it is not 
expected that the lower bound on Mw< will be much below 250 GeV for any values of the model parameters. Note 
that for the case of models with a = 1 and ideal delocalization, the lower bound on Mw< is about 320 GeV. This 
is slightly less-restrictive than the 3-site model bound in (341 . [58[ , which was obtained by considering only s-channel 
processes. 14 



We also calculated the total scattering cross-section and various asymmetries, but found the forward cross-section to be the most 
sensitive to deviations from the Standard Model. 

The heavy fermion masses in the Higgsless model were taken to be 4 TeV, though any acceptable heavy fermion mass |34| above 2 TeV 
yields similar results. 

Even in a case where the pure t-channel piece of the cross-section has no new-physics contribution (e.g. if one sets So = so that the 
Wev coupling is of purely standard form), the interference between the s- and t-channel amplitudes is still significant for understanding 
how the cross-section varies with Myy' or Agf. 

If we include only the s-channel diagrams in our present calculation, we reproduce the results of [34. 58] 
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FIG. 8: The effective Agf in the triangular moose model. This effective value was computed by calculating the forward cross 
section in the Standard Model with Agf incorporated and separately calculating the forward cross section in the triangular 
model. The cross sections were then compared and the value of Agf that gave the same effect as in the triangular moose 
model was determined. The value of this parameter for the three-site model is obtained by setting a = 1. The curve labeled 
"a=l, Ideal" corresponds to the three-site model in the limit of ideal derealization. The horizontal line labeled "LEP" indicates 
the LEP-II upper bound [§5| of Agf < 0.028 at 95% CL. 



LHC searches for a W boson have the potential to confirm or constrain the Higgsless theories discussed here. As 
shown in [46] , the fermiophobic W boson of the three-site model with ideal derealization can be produced at the 
LHC through either the vector boson fusion process pp — > W'jj or the associated production process pp — > W'Z; 
in either case, the W then decays dominantly to WZ. A set of simple cuts can render the W signal visible at 
the LHC in both processes for its entire allowed mass range, roughly 400 to 1200 GeV [46|. To give an example, 
for Mw' = 500 (400) GeV, the 5<r discovery of W' requires an integrated luminosity of 12(7)fb _1 for the vector 
boson fusion process pp — > W'jj — > WZjj — > vMjj and an integrated luminosity of 26(7.8)fb _1 for the associated 
production process pp —* W'Z — > WZZ — ► jj Al. 

Because the W' boson of our four-site model is essentially identical to that of the W' in the 3-site model, its hadron 
collider phenomenology is the same. 

The W' of the triangular moose model for general values of a would also have the same production and decay 
modes at the LHC as the W' boson of the three-site model, but would not necessarily look identical to it. The main 
difference is that the ZW'W vertex involved in the production of the W' in either process would be (for a given Mw< 
mass) proportional to t/E, as discussed above in Sec. IIVD1 while the produced W' will still decay to WZ with a 
branching fraction of nearly 100% . Hence the signal cross-section will be proportional to a, while the background 
will be unchanged. The integrated luminosity required for discovery at a given confidence level will, therefore, be 
reduced if the value of a exceeds 1 (its value in the three-site model). For example, as a rough estimate, the luminosity 
required for a 3-sigma signal in the three-site model would provide a 5c signal in the triangular moose model with 
a ps a/3, to judge by the curves in Fig. 4 of [46| . 

A similar pattern should hold for the contribution of Z' bosons to WW scattering or Z'W associated production in 
these models: the four-site signals will resemble those of the three-site model, while the rate expected for an triangular 
moose model Z' boson can differ due to the factor of *Ja in the Z'WW coupling. A caveat is in order: discovering a 
Z' boson in either vector boson fusion (pp — ► Z'jj — > WWjj) or associated production (pp — > Z'W — ► WWW) would 
be difficult 15 due to the difficulty in reconstructing the Z' peak in leptonic M^-decays and the large backgrounds in 



15 A recent parton-level study [47ll of the three-site model, including the possibility of othcr-than-ideal derealization, suggests that a 
Z' produced by Drell-Yan qq annihilation and decaying to W pairs may be visible at the LHC; however, the effects of hadronization, 
detector response, and backgrounds from WW fusion remain to be explored. 
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hadronic T-F-decays. These signals are most likely to be useful for confirming the presence of a Z' state whose existence 
and mass are suggested by the prior discovery of a W' boson. 

More specifically, in the SU(2) 2 x U{1) 2 4-site model with u 2 q 2 [f'/f] = 2, the Z' and Z" bosons are almost 
degenerate (as is approximately true in continuum SU{2) x SU(2) x U(l) Higgsless models, as discussed in Sec. 
IIII E|) . and, in s-channel scattering processes, they would most likely appear as a single resonance. For instance, if 
the mass of the Z' boson were 500 GeV, we calculate that the mass difference between the Z' and Z" would be ~14 
GeV and the width of each boson would be a few GeV. Given the anticipated 10-15 GeV dijet energy resolution at 
the LHC (HI, it is unlikely that the Z' and Z" would be separately distinguishable; of course, improved detector 
resolution could ultimately alter this conclusion. The combined tree level contributions of Z' and Z" exchange to 
WW scattering or Z'W associated production will, then, look like the exchange of a single heavy gauge boson with 
coupling strength g 2 z'ww + 9z"ww> which is equal to the value of gz'ww m ^ ne three-site model. Hence the single 
Z 1 boson of the three-site model should closely approximate (at leading order) the joint contribution of Z' and Z" 
exchange in the minimal 4-site model with u 2 = 2. On the other hand, in the limit where u 2 q 2 [f'/f] — 2 = O(l), 
we have seen that the Z' boson has the same coupling to WW as the Z 1 of the three-site model, while the Z"WW 
coupling is suppressed by an additional factor of x 2 . In this limit, it is just the Z' by itself that could visibly affect 
WW scattering, and its effect would be the same size as that in the three-site model. 

C. ILC 

The primary aim of an ILC study of Higgsless models would be a precise determination of the underlying model 
parameters. In particular, in case of the triangular moose model the precision measurement of the W' mass and the 
a-parameter are crucial. Given that the Z' and W' should not weigh much more than a TeV and given the projected 
ILC centre-of-mass energy of up to 1 TeV (89|, the W' and Z' could be kinematically accessible at the ILC. If direct Z' 
production is possible, the mass as well as the width could be precisely measured via a Z' shape-line study, in analogy 
to the LEP-I Z boson measurements. In Fig. [9J we plot Y z> versus M\y', and we see that an accurate determination 
of the width (for a given mass) will allow a precise determination of the parameter a. 
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FIG. 9: Width of the Z' boson as a function of M w i(= M Z ') in the triangular moose model for a = 1 (equivalent to the three 
site model) and a = 4/3. 

In Fig. [TO] we present the results of a simulation of a future Z' width measurement at the ILC. The dashed lines 
present the fitted Z' line shapes (with My/' = 480 GeV) using the e + e _ — * W + W~ — ► t + l~w process by counting 
the number of final state events for a = 1 (red) and a = 4/3 (blue). These dashed line shapes have been obtained 
without taking Initial State Radiation (ISR) [§3, [9l], [93] and Beamstrahlung (BS) effects [§3| into account. They 
should therefore be considered as "ideal" line shapes, which would be inferred from the real line shapes shown by the 
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small open circles of "data" (denoted b y " BS" in the Fig. [T0|) which were simulated by taking into account ISR and 
BS effects as implemented in CalcHEP [8J]. 16 The ISR and BS effects lead to a shift in the position of the maximum 
of the line shape by about 0.5 GeV (i.e. about a +1% shift), as well as a distortion of the line shape. This simulated 
effect is in good agreement with LEP-I studies where a +1% Mz mass shift was also observed from line shape data. 
The left side of the "data" distribution (i.e. from the simulation including ISR and BS effects) reproduces the "ideal" 
line shape and, when fitted, gives an accuracy for the T z> measurement of about 2.5%. In our fit we take into account 
an uncertainty in the beam energy of 5E/E = 1CP 4 , as well as a statistical error based on the assumption that we fit 
the production rate at 20 different equally spaced collider energies centered around the Z' mass and have statistics 
corresponding to 10 fb _1 of integrated luminosity at each energy. 
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FIG. 10: The Z' width measurement from an energy-scan at the ILC. The dashed lines show the Z' fitted line shapes without 
ISR or BS taken into account, with M w i = 480 GeV from the e + e~ — > W + W~ — > l + i~w process event rate for a = l(red) 
and a = 4/3(blue). Small open circles with vertical error bars represent "data" simulated by taking into account ISR and BS 
effects. 

On the other hand, if we assume the same relative precision for inferring the "ideal" line shape from the "data" 
as was obtained at LEP-I (this requires the same quality of higher order corrections and event generators) then the 
uncertainty in the determination of Mz' and T z> would come mainly from the beam energy spread and statistical 
error. In this case, a fit to the "ideal" data gives roughly a 0.2% uncertainty for the measurement of Y z> and a 0.01% 
uncertainty for the measurement of Mz>- 

Even if the mass of the Z' is higher than the energy of the International Linear Collider, the triangular moose 
model can still be probed in a manner analogous to the LEP-II limits on the triangular moose model described in 
section IV Al The ILC will be sensitive to deviations of Agf as small as 3.8 x 10~ 4 [9J]. Using the method described 
in section FV Ai we can estimate the effective Agf for this model at the ILC. We provide an illustrative example in 
Figure [TT1 for e+el — > W + W~ where the e~ is right polarized and the e + is left polarized. We see that the effect 
of ideally delocalizcd HLS-type models will be observable at the ILC for the entire range of masses. Furthermore, if 
the mass of the W is known from the LHC with sufficient precision, we may be able to determine the value of the 
parameter a from this and other polarization channels. 



16 We used the following set of parameters defining the Beamstrahlung: horizontal beam size = 640 nm, vertical beam size = 5.7 nm, 
bunch length = 0.3mm , number of particles per bunch= 2 X 10 10 . 
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FIG. 11: The value of the effective Agf in the triangular Higgsless model, as discussed in section IV Al for a center-of-mass 
energy yfs — 500 GeV, as a function of M w / for various values of a and ideal derealization (So ~ 0). The value in both the 
three-site model and the minimal four-site model is obtained by setting a = 1. The anticipated sensitivity of the ILC to the 
value of Agf is given, approximately, by the thickness of the dashed line labeled "ILC". 

VI. CONCLUSIONS 

We have considered how well the three-site model performs as a general representative of Higgsless models, and 
have studied several modifications which have the potential to improve upon its performance. Our comparisons have 
employed sum rules P, [57| relating the masses and couplings of the gauge field KK modes, because these identities 
enable us to quantify how well a given theory unitarizes the scattering of electroweak gauge bosons at a given energy 
scale. After comparing the three-site model to a pair of 5d continuum SU(2) x SU(2) models in flat and warped 
space, we have further analyzed two deconstructed extensions of the three-site model: a longer open linear moose 
with an additional U(l) group and an HLS or BESS ring model with three sites and three links. 

We find that the tendency of the sum rules to be saturated by contributions from the lowest-lying KK resonances 
suggests a way to quantify the extent to which a highly-deconstructed theory like the three-site model can accurately 
describe the low-energy physics. Specifically, the following quantity 

where the Z' is the lightest neutral KK boson, provides a useful measure of the ability of deconstructed models 
to approximate the behavior of continuum theories. In continuum theories, a = 4/3 and the multi-pion coupling 
g OT7r7r7r vanishes; in the three-site and other linear deconstructed models we study, d = 1 and g^n-Kit = j', whereas, 
in the triangular ring model, a is essentially a free parameter, allowing interpolation between these cases. We have 
demonstrated that W^Wl scattering in the triangular ring model can, if the hidden local symmetry parameter a is 
chosen to mimic p-meson dominance of 7T7t scattering in QCD [45|, [60] , very closely approximate scattering in the 
continuum models. 

Our study of hadron and lepton collider phenomenology of the extended models confirms that the three-site model 
will be a useful benchmark against which to perform the first comparisons of new collider data with a whole class of 
Higgsless 5d and deconstructed theories. For example, most of the gauge-boson and fermion properties and couplings 
characteristic of the three-site model are unaltered or minimally affected by the addition of an additional U (1) group. 
In particular, the charged electroweak bosons of the four-site and three-site models are identical, while the pair of 
degenerate Z' and Z" bosons for u 2 q 2 [f'/f] 2 = 2 (see Section III) jointly couple to W-boson pairs like the single 
Z' boson of the three-site model. We therefore conclude that vector-boson scattering processes among the lightest 
KK gauge bosons in a continuum SU(2) 2 x U(l) model with a flat extra dimension will be well-described by the 
three-site model. Since the three-site model also provides an effective low-energy description of the SU(2) x SU(2) 
continuum model, it follows that the lightest KK gauge modes of the SU(2) 2 x U(l) and SU(2) 2 continuum models 
will also appear phenomenologically similar at low energies. As a second example, in the triangular moose model, the 
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signals of the W boson or the contributions of the Z' boson to WW scattering or Z'W associated production will 
have a similar form as in the three site model; the signal strength will be proportional to a, which could reduce the 
luminosity required for discovery. Performing an actual measurement of the value of a will likely require the precision 
of a high-energy lepton collider. 
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APPENDIX A: THE GAUGE SECTOR OF THE FOUR-SITE MODEL 

This appendix gives a fuller account of the gauge sector of the four-site model. Because the SU(2) x SU{2) gauge 
sector of this model is identical to that of the three-site model [34[, the charged-gauge boson mass-squared matrix 
is unaltered. The W and W 1 boson masses and wavefunctions and the expression for Gf in terms of the model 
parameters (g, v, x) are the same as in Ref. [Hj]. For example, the W mass and wavefunction have the form, 
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The mass-squared matrix for the neutral gauge bosons, on the other hand, is enlarged by the addition of the second 
U(l) group and takes the form 17 
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The matrix has a zero eigenvalue, corresponding to the massless photon, with an eigenstate which may be written 



A» = v°W£ + v\W? + v 2 ^ + tfp* - -W» + |wf + + (A4) 



17 For clarity here, and in discussing the photon below, we allow for arbitrary q and q; elsewhere we specialize to the case q ■ 
explicitly the dependence on q. 
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where the electric charge e satisfies 
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where the last equality holds for q = q. The light neutral gauge boson, which we associate with the Z, has a mass 
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with a corresponding eigenvector 

Z" = v z W$ + v z W? + v 2 z B% + v%B%, 
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In the limit as u — > oo, the expressions describing the electric charge and the Z boson recover the values of the 
three-site model. 

The neutral gauge sector also includes two heavy mass cigenstatcs instead of the single Z' boson of the three-site 
model. The form of the masses and wavefunctions depends significantly on whether the value of u 2 q 2 [f'/f] 2 is close 
to 2 or quite different in value from 2. 



1. The degenerate case: u 2 q 2 



First, we consider the special case u 2 = 2. Finishing the diagonalization of the mass-squared matrix (|A3[) yields 
the following masses and eigenvectors of the Z 1 and Z" bosons: 
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where 

w = ^/u 4 + 2t 2 u 2 {-A + u 2 ) +t 4 {A + u 2 ) 2 . (A13) 

In this case, the two heavy bosons are degenerate and their wavefunctions at site 1 and site 3 are both of 0(1) while 
those at site and site 2 are of 0(x). 
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2. The non-degenerate case: u 2 q 2 



n 2 



2 = 0(1) 



We now consider the alternative limit, where u 2 q 2 [f'/f] 2 7^ 2. Finishing the diagonalization of the mass-squared 
matrix (|A3[) yields the following mass and eigenvector for the Z' : 
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and the following mass and eigenvector for the Z": 
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Clearly, the Z' boson is strongly concentrated at site 1 and the Z" boson, at site 3; the ratio of masses is {M Z n /M Z >Y 



[1 + 0(x 2 )]. In the u — * 00 limit, we recover the three-site model: the Z' mass and wavefunction revert to 



the three-site form, while the Z" becomes infinitely massive and localized at site 3. 



APPENDIX B: THE FERMION SECTOR OF THE FOUR-SITE MODEL 



The couplings of the Z to the light fcrmion mass cigenstates include contributions from all four sites. The left-handed 
coupling of the light Z-boson to quark fields may be written 



C ZL OC Zn 
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where the first two terms give rise to the left-handed T3 coupling and the last two terms give rise to the left-handed 
hypercharge coupling. The expression for leptons is similar, replacing hypcrchargc i with — i. Similarly, the right- 
handed coupling of the Z to quarks fields is 
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where the last three terms arise from the hypercharge. For leptons, i — > — \ in the second term, | — + in the third 
term (for neutrinos), and — i — > —1 in the fourth term for the charged leptons. For quarks, this expression may be 
more conveniently rewritten as 
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where the last four terms yield the Z-couplings to the conventionally-defined right-handed hypercharge of the quarks, 
while the first can give rise to a new right-handed T3 coupling. 

From these expressions, we may derive the T3 and hypercharge couplings between the fermions and the Z. For 
ideally delocalized light fermions, we find the left-handed coupling to T3 to be 
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The expression in terms of s is explicitly dependent on u, but when written in terms of the physical quantities 
e, Mz, and Mw, the form of g^ q is nearly of Standard Model form for arbitrary values of it, as we expect for 
ideal delocalization. Since the right-handed light fermion eigenvectors are localized entirely at site 2, there arc no 
right-handed couplings of the light fermions to T3. The left- and right-handed couplings of the top-quark to T3 are 
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as in the three-site model; similar expressions hold for the bottom quark, with e t R 
Again, for ideally delocalized light fermions, the left-handed coupling to Y is 
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which is nearly of Standard Model form when written in terms of physical quantities. The hypercharge couplings of 
the right-handed light fermions and the left-handed top quark to the Z are also of this form to 0(x 2 ): 
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In the three-site model, the hypercharge coupling of the right-handed top quark to the Z is also of this form because 
the hypercharge is entirely localized at site 2. However, in the four-site model, the hypercharge coupling of the 
top quark comes from both site 2 and site 3 and the Z-boson wavefunction is not perfectly flat on those sites; the 
component at the second site g'v 2 z differs at 0(x 2 ) from that at the third site g'v z , as may be seen by comparing 
Eqs. (|A9j) and (|A10j) . The result is that the top-quark's right-handed hypercharge coupling differs from that of the 
light quarks: 
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at 0(x 2 ). 



APPENDIX C: THE GAUGE SECTOR OF THE TRIANGULAR THREE-SITE MODEL 

The charged-boson mass matrix is given by 
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where x = g/g <C 1. Expanding in x, we find the masses 
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from which we may derive the relationship 
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The light and heavy charged gauge boson eigenstates are given, respectively, by 
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The neutral-boson mass matrix is given by 
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where t = g' / g = s/c and s 2 + c 2 = 1. This matrix has a zero eigenvalue, corresponding to the photon, which has the 
following eigenvector: 
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where B^ 1 is the U(l) gauge boson associated with site 2. The light neutral gauge boson, which we associate with the 
Z, has a mass 
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with a corresponding eigenvector 
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c 3 (l + 2t 2 -St 4 ) 



(C8) 
(C9) 



v 7 .=c- 



! _ c(l - t 2 ) c 3 (l - t 2 ) ( 2(1 + i 2 ) 2 - a(l + 6t 2 + t*) ) 



16a 



sc 2 (3-2t 2 -t 4 



The heavy neutral Z' boson has a mass 
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Note that all the expressions for quantities related to the gauge sector reduce to their counterparts in the three-site 
model if we set a = 1. 
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